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X . Abstract 

> : 

•rH , 

^ | We study the quantum gravitational effects in spherically symmetric black 

hole spacetimes. The effective quantum spacetime felt by a point-like test 
mass is constructed by "renormalization group improving" the Schwarzschild 
metric. The key ingredient is the running Newton constant which is obtained 
from the exact evolution equation for the effective average action. The confor- 
mal structure of the quantum spacetime depends on its ADM-mass M and it 
is similar to that of the classical Reissner-Nordstrom black hole. For M larger 
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than, equal to, and smaller than a certain critical mass M cr the spacetime has 

two, one and no horizon(s), respectively. Its Hawking temperature, specific 

heat capacity and entropy are computed as a function of M. It is argued 

that the black hole evaporation stops when M approaches M cr which is of 

the order of the Planck mass. In this manner a "cold" soliton-like remnant 

with the near-horizon geometry of AdS2 x S 2 is formed. As a consequence 

of the quantum effects, the classical singularity at r = is either removed 

completely or it is at least much milder than classically; in the first case the 

quantum spacetime has a smooth de Sitter core which would be in accord 

with the cosmic censorship hypothesis even if M < M CI . 
97.60.Lf, ll.10.Hi, 04.60.-m 
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I. INTRODUCTION 



The Schwarzschild spacetime is the unique spherically symmetric vacuum solution of 
Einstein's equations. Understanding the dynamics of this spacetime when quantum effects 
of the geometry are switched on has always been one of the most challenging issues from the 
theoretical point of view. It is in fact very plausible that those effects will play a key role in 
the very late stages of the gravitational collapse as well as during the evaporation process 
of a Planck size black hole. 

According to the standard semiclassical scenario, a black hole of mass M emits Hawking 
radiation at a temperature which is inversely proportional to M. During this process, in 
addition to the radiation of energy to infinity, a negative-energy flux through the horizon is 
produced. Thereby the mass of the black hole is lowered and the temperature is increased. 
It is an open question whether this process continues until the entire mass of the black hole 
has been converted to radiation or whether it stops when the temperature is close to the 
Planck temperature where the semiclassical arguments are likely to break down. 

In the case of a complete evaporation a number of exotic physical processes such as 
violations of baryon and lepton number conservation or the "information paradox" could 
occur [ 23 1 . Let us consider a quantum field on the black hole spacetime whose initial state 



is described by a pure density matrix p. If we trace over the field modes which are localized 
inside the event horizon we are left with an effective mixed state density matrix p e ^ for the 
physics outside the horizon. Of course this does not mean that a pure state has evolved into 
a mixed state since the incomplete information provided by p e g still can be supplemented by 
the information contained in p about the degrees of freedom behind the horizon. However, 
if the black hole evaporates completely those parts of the spacetime which formerly where 
interior to the horizon disappear entirely, and there are no field degrees of freedom left which 
could "know" about the information missing in p e R. As a consequence, the initially pure 
quantum state p seems to have evolved into a genuinely mixed state p e g. 

Alternatively one could speculate that the evaporation is incomplete, i.e. that it comes 
to an end when the Schwarzschild radius is close to the Planck length where the semiclassical 
results apply no longer. In this case the final state of the Hawking evaporation might be 
some kind of "cold" remnant with a mass close to the Planck mass. 

It is clear that the problem of the final state should be addressed within a consistent 
theory of quantum gravity. The standard semiclassical derivation of the Hawking temper- 
ature quantizes only the matter field and treats the spacetime metric as a fixed classical 
background. However, investigating black holes with a radius not too far above the Planck 
length we must be prepared that quantum fluctuations of the metric play an important 
role. The standard perturbative quantization of Einstein gravity is of little help here since 
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it leads to a non-renormalizable theory. Also the more advanced attempts at formulating a 
fundamental theory of quantum gravity (string theory, loop quantum gravity, etc.) do not 
provide us with a satisfactory answer yet . As a way out we propose in this paper to use 
the idea of the Wilsonian renormalization group [|TJ in order to study quantum effects in the 
Schwarzschild spacetime. 

Our basic tool will be a Wilson-type effective action I\ [g^ u ] where A; is a scale parameter 
with the dimension of a mass. In a nutshell, r^g^] is constructed in such a way that, when 
evaluated at tree level, it correctly describes gravitational phenomena, with all loop effects 
included, whose typical momenta are of the order of k. The basic idea is borrowed from 
the block spin transformations which are used in statistical mechanics in order to "coarse- 
grain" spin configurations of lattice systems. In its simplest formulation, when applied to 
a continuum field theory [@-|5[], we are given a field 4>(x) defined on a Euclidean spacetime 
with metric g^ u and dimension d. The averaged or "blocked" field 4>k{%) is defined by means 
of 

0fcO) = / d d yVg~(y) pk{x - y) <P(y) (1.1) 

where pk(x — y) is a smearing function that has support only for ||a; — y\\ < k~ x . The 
"average action" governs the dynamics of the coarse-grained or macroscopic field $. It 
is obtained from the classical action by integrating over the microscopic degrees of freedom 
or "fast variables": 

exp(-r fc [$]) = J D[(j>) 5(<p k - $) exp(-S[0]) (1.2) 

The blocked field has a very intuitive physical interpretation: it is the field noticed by an 
observer who uses an experimental apparatus of resolution 

I ~ k~ x (1.3) 

This observer sees the field evolving according to the effective equation of motion 
5T k [$]/5$(x) = 0. 



For continuum field theories the functional integral (1.2) is not easy to deal with, and so 
we shall use an alternative construction which leads to a functional V*. with similar qualitative 
properties as the one discussed above. We use the method of the "effective average action" 

which has been developed in refs. |J|7|]. It is defined in a similar way as the ordinary 
effective action T but it has the additional feature of a built-in infrared cutoff at the scale 
k. Quantum fluctuations with momenta p 2 ^ > k 2 are integrated out in the usual way while 
the effect of the large distance fluctuations with p 2 ^ < k 2 is not included in IV Hence T^., 
regarded as a function of k, describes a renormalization group trajectory in the space of all 



4 



actions; it connects the classical action S = Tk-+oo to the ordinary effective action T = Tk=o- 
This trajectory satisfies an exact functional renormalization group (or flow) equation. If one 
wants to quantize a fundamental theory with action S one integrates this equation from the 
initial point T\ = S down to V = Tk=o- After appropriate renormalizations one then lets 
A -> oo. 

The flow equation can also be used in order to further evolve (coarse-grain) effective field 
theory actions from one scale k to another. In this case no limit such as A — > oo above 
needs to be taken, i.e. the ultraviolet cutoff is not removed. Hence the evolution of 1^ from 
k\ to &2 is always well defined even if the theory under consideration, when regarded as a 
fundamental theory, is not renormalizable. 

In the following we consider Einstein gravity as an effective field theory and we identify 
the standard Einstein-Hilbert action with the average action rfc obs . Here /c b s is some typical 
"observational scale" at which the classical tests of general relativity have confirmed the 
validity of the Einstein-Hilbert action. In order to find an approximate solution to the flow 
equation we assume that also for k > k \> s , i.e. at higher momenta, is well approximated 
by an action of the Einstein-Hilbert form. The two parameters in this action, Newton's 
constant and the cosmological constant, will depend on k, however, and the flow equation 
will tell us how the running Newton constant G(k) and the running cosmological constant 
X(k) depend on the cutoff. Their experimentally observed values are G(k ohs ) = G and 
-M^obs) = A ~ 0. Since, at least within our approximation, there is essentially no running 
of these parameters between k ohs (the scale of the solar system, say) and cosmological scales 
(k « 0) we may set fc b s = and identify the measured parameters with G(k = 0) and 
X(k = 0). 

The key idea presented in this paper is to use the running Newton constant G = G(k) 
in order to "renormalization group improve" the Schwarzschild spacetime. This idea is 
borrowed from particle physics. There it is a standard device in order to add the dominant 
quantum corrections to the Born approximation of some scattering cross section, say. Our 
implementation of this scheme is similar to the renormalization group based derivation of 
the Uehling correction to the Coulomb potential in massless QED ||. One starts from the 
classical potential energy V c \(r) = e 2 /47ir and replaces e 2 by the running gauge coupling in 
the one-loop approximation: 

e 2 (k) =e 2 (k )[l-b\n(k/k )}-\ b = e 2 (k )/Q7r 2 . (1.4) 

The crucial step is to identify the renormalization point k with the inverse of the distance 
r. This is possible because in the massless theory r is the only dimensionful quantity which 
could define a scale. The result of this substitution reads 

V(r) = -e 2 (ro ^[l + Mn(r /r) + 0(e 4 )]/47rr (1.5) 
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where the IR reference scale ro = 1/ko has to be kept finite in the massless theory. We 
emphasize that eq.(|1.5|) is the correct (one- loop, massless) Uehling potential which is usually 
derived by more conventional perturbative methods [Q. Obviously the position dependent 
renormalization group improvement e 2 — > e 2 (k), k oc 1/r encapsulates the most important 
effects which the quantum fluctuations have on the electric field produced by a point charge. 

In this paper we propose to "improve" the Schwarzschild metric by an analogous substi- 
tution. We replace the Newton constant by its running counterpart G(k) with an appropriate 
posit ion- dependent scale k = k(r) where r is the radial Schwarzschild coordinate. At large 
distances we shall have k(r) oc 1/r as in QED, but since G is dimensionful there will be 
deviations at small distances. 

This approach has also been used in ref. || where the impact of quantized gravity on the 
Cauchy Horizon singularity occurring in a realistic gravitational collapse has been studied. 
In this work a perturbative approximation of the function G(k) has been employed. In the 
present paper we use instead an exact, non-perturbative solution to the evolution equation 
for G{k) which follows from the "Einstein-Hilbert truncation". 

Our main results about the quantum corrected Schwarzschild spacetime are the following. 
For large masses M the quantum effects are essentially negligible. Lowering the mass we find 
that the radius of the event horizon becomes smaller and that at the same time a second, 
inner horizon develops out of the (r = 0)-singularity which is now timelike. When M 
equals a certain critical mass M cr which is of the order of the Planck mass the two horizons 
coincide. For M < M cr there is no horizon at all. The causal structure of these spacetimes is 
similar to the classical Reissner- Nordstrom spacetimes. It turns out that while the Hawking 
temperature is proportional to 1/M for very heavy black holes it vanishes as M approaches 
M cr from above. This leads to a scenario for the evaporation process where the Hawking 
radiation is "switched off" once the mass gets close to M cr . This picture suggests that the 
final state of the evaporation could be a critical (extremal) black hole with M = M CT . 

The rest of this paper is organized as follows. In section II we derive the running of 
the Newton constant from the renormalization group equation. In section III the correct 
identification of the position dependent cutoff k = k{r) is discussed. In section IV we 
"renormalization group improve" the eternal black hole spacetime and discuss its properties 
in detail. In section V we provide an effective matter interpretation of this spacetime. In 
section VI the Hawking temperature is derived and our scenario for the evaporation process 
is presented. In Section VII we obtain an expression for the thermodynamic entropy of the 
quantum black hole, while in section VIII we discuss the fate of the (r = 0)-singularity. The 
conclusions are contained in section IX. In the Appendix we discuss some problems related 
to the statistical mechanical entropy of the quantum black hole. 
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II. THE RUNNING NEWTON CONSTANT 



In ref . the idea of the effective average action P,[l0| has been used in order to formulate 
the quantization of (d- dimensional, Euclidean) gravity and the evolution of scale-dependent 
effective gravitational actions T/, [g^ v } by means of an exact renormalization group equation. 
Furthermore, in order to find approximate solutions to this equation, the renormalization 
group flow in the infinite dimensional space of all action functionals has been projected 
on the 2-dimensional subspace spanned by the operators ^fg and y/gR ( "Einstein-Hilbert 
truncation"). Using the background gauge formalism with a background metric g^, this 
truncation of the "theory space" amounts to considering only actions of the form 



(2.1) 



r k [g,g] = (WnGik))- 1 / d d x^{-R(g) + 2X(k)} + S gi [g, 



where G(k) and X(k) denote the running Newton constant and cosmological constant, re- 
spectively, and Sgf is the classical background gauge fixing term. For truncations of this 
type the flow equation reads 



dt^k[g,g] 



1 
2 

with 



Tr 



K- 2 vf\gr 9 ]+nr[g]r%nr[g] 



Tr 



M[g,g}+n h [g]r 1 d t nt[g} (2.2) 



t = lnk 



(2.3) 



(2) 

where T^, stands for the Hessian of T k with respect to g^, and M. is the Faddeev-Popov 
ghost operator. The operators 7?| rav and 7?| h implement the IR cutoff in the graviton and 
the ghost sector. They are defined in terms of a to some extent arbitrary smooth function 
lZk(p 2 ) oc k 2 R^(p 2 /k 2 ) by replacing the momentum square p 2 with the graviton and ghost 
kinetic operator, respectively. Inside loops, they suppress the contribution of infrared modes 
with covariant momenta p < k. The function R^(z), z = p 2 /k 2 , has to satisfy the conditions 
R®(0) = 1 and R<®(z) -> for z — > oo. For explicit computations we use the exponential 
cutoff 



R {0 \z) = z[exp(z) - iy 



(2.4) 



If we insert fl2.1p into ( |2.2j ) and project the flow onto the subspace spanned by the 
Einstein-Hilbert truncation we obtain a coupled system of differential equations for the 
dimensionless Newton constant 



g{k) = k d - 2 G(k) 



(2.5) 
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and the dimensionless cosmological constant X(k) = X(k)/k 2 : 

d t g = [d - 2 + rj N ] g 



(2.6) 



d t \ = _(2-r ?iV )A + ^(47r) 1 - d / 2 - 



2d(d + l)^ /2 (-2A) - 8d^ d/2 (0) - d(d + l) m & d/2 (-2\) 



(2.7) 



Here 



Vn{9,X) 



ggi(A) 
1 - gB 2 (X) 



(2.8) 



is the anomalous dimension of the operator y/gR, and the functions -Bi(A) and -82(A) are 
given by 



Sl (A) = -(4vr 



l-d/2 



S 2 (A) 



-±(4 7 r) 1 - d / 2 
6 



d(d + 1)^ /2 _ 1 (-2A) - 6d(d - l)^ /2 (-2A) 
-4d^i /2 -i(0) -24$ 2 /2 (0) 
d(d + l)^ /a _ 1 (-2A) - 6d(d - l)$ 2 /2 (-2A) 



(2.9) 



with the cutoff -, z.e. i?^ - dependent "threshold" functions (p — 1, 2, • • ■) 



1 



r(n) Jo 

1 



r n -A) 



dz z 



l _ l R^(z)-zR^'(z) 
[z + R(°)(z)+w]p 

[z + R(°\z)+w]p 



(2.10) 



For further details about the effective average action in gravity and the derivation of the 
above results we refer to 0. 

From now on we shall focus on d = 4. Furthermore, the cosmological constant plays no 
role within the scope of our present investigation. We assume that A <C k 2 for all scales of 
interest so that we may approximate A ~ in the arguments of -Bi(A) and .B 2 (A). Thus the 
evolution is governed by the equation 



dg(t) 
dt 

with the anomalous dimension 



[2 + r lN ]g{t)=(3{g{t)) 



VN{g) 



Big 



1-B 2 g 



(2.11) 



(2.12) 



and the beta function 
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l-B 2 g 

The constants B\ and B 2 are given by 



(3(g) = 2g^ r ^ (2.13) 



We also define 



B x = B 1 (0) = - -L[24^( ) - $}(0)] (2.14) 
B 2 = B 2 (0) = ^-[18^(0) - 5$}(0)] (2.15) 

07T 



w = ~Si, </ = w + fl 2 (2.16) 



For the exponential cutoff (jO ) we have explicitly 



$1(0) = 


*3(o) 


$1(0) = 1, 


*l(o) 



1 

2 



(2.17) 
(2.18) 



and 



«=z(l-iJl). * = S (2.19) 



7T 



The evolution equation ( j2.1ip displays two fixed points g*, (3{g*) = 0. There exists an in- 
frared attractive (gaussian) fixed point at g* R = and an ultraviolet attractive (nongaussian) 
fixed point at 

9^ = ~, (2-20) 

This latter fixed point is a higher dimensional analog of the Weinberg fixed point |TTJ known 
from (2 + e)-dimensional gravity. (Within the present framework it has been studied in J7J.) 

The UV fixed point separates a weak coupling regime (g < g* v ) from a strong coupling 
regime where g > g^ v . Since the /3-function is positive for g G [0, f?y v ] and negative 
otherwise, the renormalization group trajectories which result from (|2.11| ) with ( 2.13|) fall 
into the following three classes: 

(i) Trajectories with g(k) < for all k. They are attracted towards for k — > 0. 

(m) Trajectories with g(k) > g^ y for all k. They are attracted towards g^ Y for k — > oo. 

(Hi) Trajectories with g{k) G [0, g^ v ] for all k. They are attracted towards g^ = for 
k — > and towards g^ Y for k — > oo. 
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Only the trajectories of type (Hi) are relevant for us. We shall not allow for a negative 
Newton constant , and we also discard solutions of type (ii). They are in the strong coupling 
region and do not connect to a perturbative large distance regime. (See ref. |12| for a 
numerical investigation of the phase diagram.) 

The differential equation ( j2.11j) with ( |2.13| ) can be integrated analytically to yield 

I = ?M (JL) 2 (2 21) 

but this expression cannot be solved for g = g(k) in closed form. However, it is obvious that 
this solution interpolates between the IR behavior g(k) oc k 2 for k 2 — > and g(k) — > 1/u' 
for k — > oo. 

In order to obtain an approximate analytic expression for the running Newton constant 
we observe that the ratio uj' /uj is actually very close to unity. Numerically one has uj ~ 1.2, 
B 2 ~ 0.21, uj' « 1.4, g^ y « 0.71 so that uj' /uj « 1.18 is indeed close to 1. Replacing 
uj' juj — > 1 in eq. (p.21|) yields a rather accurate approximation with the same general features 
as the exact solution. In this case we can easily solve eq.( 2.21|) : 

a(k) - 9{ko)k2 (2 22) 

9W ujg(k )k 2 +[l-ujg(k )}k 2 [Z - ZZ) 

This function is an exact solution to the renormalization group equation with the approxi- 
mate anomalous dimension rj^ = —2ujg + 0(g 2 ) which is the first term in the perturbative 
expansion of eq. (|2.12|) : 

oo 

VN = -2ujg[l + J2(B 2 g) n ]. (2.23) 

n=l 

Remarkably, for the trajectory (|2.22|) the quantity B 2 g(k) remains negligibly small for all 
values of k. It assumes its largest value at the UV fixed point where B 2 g^ Y = 0.15. Thus 
equation ( [2.22| ) provides us with a consistent approximation. (This can also be checked by 
comparing to the numerical solution of ref. [|T2]j .) 

In terms of the dimensionful Newton constant G(k) = g(k)/k 2 eq. ( |2.22|) reads 

G{k) = — Gjfo) {2M) 
1 + uj G(k ) [k 2 - fcgj 

From now on we shall set k$ = for the reference scale. At least within the Einstein-Hilbert 
truncation, G(k) does not run any more between scales where the Newton constant was 
determined experimentally (laboratory scale, scale of the solar system, etc.) and k ~ 
(cosmological scale). Therefore we can identify Go = G(ko = 0) with the experimentally 
observed value of the Newton constant. From 
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G « = TT^ (2 ' 25) 

we see that when we go to higher momentum scales k, G(k) decreases monotonically. For 
small k we have 

G(k) = G - u Gl k 2 + 0(k 4 ) (2.26) 

while for k 2 ^> G^ 1 the fixed point behavior sets in and G{k) "forgets" its infrared value: 

G(k) » -L (2.27) 
ujk z 

In ref. Polyakov had conjectured an asymptotic running of precisely this form. 



III. IDENTIFICATION OF THE INFRARED CUTOFF 

In the Introduction we identified the scale k with the inverse distance in order to derive 
the leading QED correction to the Coulomb potential. In this section we discuss how in 
the case of a black hole k can be converted to a position dependent quantity. We write this 
position-dependent IR-cutoff in the form 

HP) = ^ (3-D 

where £ is a numerical constant to be fixed later and d(P) is the distance scale which provides 
the relevant cutoff for the Newton constant when the test particle is located at the point P 
of the black hole spacetime. 

Using Schwarzschild coordinates (t, r, 6, <fi) and considering spherically symmetric space- 
times, the symmetries of the problem imply that d(P) depends on the r-coordinate of P 
only, d = d(r). 

If the test particle is far outside the horizon of the black hole (r ^> 2GqM) where the 
spacetime is almost flat we expect that d(r) is approximately equal to r. By comparison 



with the work of Donoghue [14| we shall see that this is actually the case. As a consequence, 



the function d is normalized such that 



lim ^ = 1 (3.2) 



so that the constant £ fixes the asymptotic behavior 



k(r) ~ - for r — >• oo (3-3) 
r 
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Contrary to the situation in QED on flat spacetime, eq. (|3.3|) is not a satisfactory identifi- 
cation of k = k(P) for arbitrary points P. The reason is that d(P) should have a coordinate 
independent meaning, while r is simply one of the local Schwarzschild coordinates. As a way 
out, we define d(P) to be the proper distance (with respect to the classical Schwarzschild 
metric) from the point P to the center of the black hole along some curve C: 



d(P) = y/\d*>\ (3.4) 

J c 

There is still some ambiguity as for the correct identification of the spacetime curve C. 
However, at least in the spherically symmetric case, it turns out that all physically plausible 
candidates lead to cutoffs with the same qualitative features. 

We parametrize C as x M (A) where x M = (t, r, 8, 0) are the Schwarzschild coordinates and 
A is a (not necessarily affine) parameter along the curve. To start with, let us consider the 
curve C = C {1) defined by t{\) = t , r(A) = A, 0(A) = O , 0(A) = O with A G [0,r(P)] where 
r(P) is the r coordinate of P. This is, even beyond the horizon, a straight "radial" line from 
the origin to P, at fixed values of t, 9 and 0. If we restrict A to the interval [r(Po), r(P)] with 
Pq and P both outside the horizon where ds 2 > then / a/ ds 2 is the ordinary spatial proper 
distance between the points Pq and P. The definition ( |3.4j) involves the modulus of ds 2 and 
it generalizes this "distance" to the case that at least one of the two points lies within the 
horizon where r is timelike. (See also for a discussion of this "distance".) The explicit 
result reads for r < 2G n M 



d (1) (r) = 2G M arctanJ - ^fr(2G M - r) (3.5) 



and for r > 2G M: 



d m (r) = ttGqM + 2G„M In (gT + ^T^j + J* ~ 2G » M >' < 3 ' 6 » 

Note that d(i)(r) is continuous at the horizon. Eq.( |3.6| ) shows that indeed di(r) = r + 0(lnr) 
for r — > oo. From (13.51) we obtain for r — >• 



which leads to the cutoff 



k d)( r ) = 2 ^ V 2G o M [-) for r ^ °- ( 3 - 8 ) 

This r _3 / 2 -behavior has to be contrasted with the r~ 1 -dependence of the "naive" cutoff 
k = ijr. 
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Another plausible spacetime curve C is the worldline of an observer who falls into the 
black hole. We define C = C( 2 ) to be the radial timelike geodesic of the Schwarzschild metric 
with vanishing velocity at infinity. For this geodesic, the observer's radial coordinate r and 
proper time r are related by (T^j 

— Ivmt^ 2 -^ < 3 - 9 > 

where the constant of integration is chosen such that r(r ) = r . Eq. (|3.9|) is valid both 
outside and inside the horizon. Setting r = = r , we see that when the observer has 
arrived at r = r(P), the remaining proper time it takes him or her to reach the singularity 
is given by 

l T < F ^5OT r(F)3/2 (310) 

From the point of view of this observer it is meaningless to consider times larger than |t(P)| 
and, as a consequence, frequencies smaller than |r(P)| -1 . This motivates the identification 
d (2) (P) = |r(P)|,ie. 

d(2)(r) = l^=^r^ (3.11) 



3 ^2G M 
3 , /T77T7 /1\ 3/2 



which leads to 

k m {r) = "-ipG,M (^j (3.12) 

Eqs. (|3.11| ) and (|3.12|) are exact for all values of r. It is remarkable that d(2)(r) coincides 
precisely with the approximation for dm(r), eq. (|3.7|) , which is valid for small values of r. 
This supports our assumption that close to the singularity (r — > 0) the correct cutoff behaves 
as k{r) oc 1/r 3 / 2 . 

For large distances, the curves Cm and C( 2 ) lead to different r- dependencies of the cutoff: 
km oc 1/r, k/2) oc 1/r 3 / 2 . Quite generally, if a system possesses more than one typical 
momentum scale, km, k^), &(3)> " ' ' which can cut off the running of some coupling constant, 
it is the largest one among those scales which provides the actual cutoff: k = Max{ km, 
k(2), fc(3), • • •}• In the case at hand we have km ^> k^) for r — > oo so that we must set 
k = km{r) oc 1/r for large values of r. 

The only properties of the function k(r) which we shall use in the following is that it 
varies as k(r) oc 1/r for r — > oo and as k(r) oc 1/r 3 / 2 for r — > 0. This behavior can be 
further confirmed by investigating different choices of C. For instance, a radial timelike 
geodesic with vanishing velocity at some finite distance from the black hole or a geodesic 
with non- vanishing velocity at infinity, for small values of r, again reproduces (|3.7f ). 
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While we used Schwarzschild coordinates in the above discussion we emphasize that 
the same results can also be obtained using coordinate systems (such as the Eddington- 
Finkelstein coordinates) which do not become singular at the horizon. 

It turns out that the qualitative features of the quantum corrected black hole spacetimes 
which we are going to construct in the following are rather insensitive to the precise manner 
in which k(r) interpolates between the 1/r 3 / 2 and the 1/r behavior. Moreover, most of the 
general features (horizon structure, etc.) are even independent of the precise form of k(r) 
for r — > 0. Using k(r) oc 1/r" with v not necessarily equal to 3/2 leads to essentially the 
same picture. The only issue where the value of v is of crucial importance is the fate of the 
singularity at r = when quantum effects are switched on. 

In concrete calculations we shall use the interpolating function 



j. 3 



d(r) = — — (3.13) 

with dir) = r[l + 0(l/r)] and d(r) = r 3//2 / ^jGoM + 0(r 5 / 2 ) for large and small r's, 
respectively. From C(i) and C^) we had obtained 

7 = I (3-14) 

but we shall treat 7 as a free parameter. Most of our results turn out to be very robust: 
qualitatively they are the same for all 7 > 0. By setting 7 = 0, the ansatz ( |3.13| ) also allows 
us to return to the "naive" cutoff k oc 1/r, i.e. to v = 1. Except for questions related to 
the singularity at r = 0, even 7 = will lead to essentially the same qualitative properties 
of the improved black hole spacetime. 

Upon inserting ( |3.1|) into the running Newton constant (|2.25| ) we obtain the following 
position-dependent Newton constant G{r) = G{k{r))\ 

G(r) = (3.15) 

where 



Q = u? (3.16) 



For the ansatz ( |3.13| ) this yields 



G(r) = r 3 + ^;+ 7GoM] < 3 - 17 ) 

At large distances, the leading correction to Newton's constant is given by 

G(r) = G -a^ + O(i). (3.18) 



14 



For small distances r 



0, it vanishes very rapidly: 

^3 



G(r) 



+ 0(r 4 



(3.19) 



The asymptotic behavior ( |3.18| ) can be used in order to fix the numerical value of Co. The 
idea is to renormalization group improve the classical Newton potential V(r) = —G^rtixm^jr 
of two masses m\ and m2 at distance r by replacing the constant Go with G(r). Within the 
approximation ( |3.18| ) we obtain 



Vhnp(r) 



-G 



0" 



r 



r 2 c 3 



(3.20) 



where we have reinstated factors of h and c for a moment. We observe that our renormaliza- 
tion group approach predicts a l/r 3 -correction to the 1/r-potential. However, the value of 
the coefficient Co = lo^ 2 cannot be obtained by renormalization group arguments alone: the 
factor uo is a non-universal coefficient of the /^-function, i. e. it depends on the shape of the 
function R(°\ and also £ is unknown as long as one does not explicitly identify the specific 
cutoff for a concrete process. 

On the other hand, it was pointed out by Donoghue [TJJ that the standard perturbative 
quantization of Einstein gravity leads to a well-defined, finite prediction for the leading large 
distance correction to Newton's potential. His result reads 

G (mi + m 2 ) „ G h 



V{r) = -G 



0" 



r 



2c 2 r 



LO 



2 ^3 



+ 



(3.21) 



where |16| tu = 118/157T. The correction proportional to (mi + m-zj/r is a purely kinematic 
effect of classical general relativity, while the quantum correction oc h has precisely the 
structure we have predicted on the basis of the renormalization group. Comparing (|3.20|) to 
( P-21| ) allows us to determine the coefficient Co by identifying 

118 



LO 



LO = 



15tt' 



(3.22) 



Contrary to the factors to and £ 2 , their product Co = tu(, 2 has a uniquely determined, mea- 
surable value. 

A priori the renormalization group analysis yields G as a function of k rather than r, and 
the function TZk serves as a mathematical model of an arbitrary, yet unspecified physical 
mechanism which cuts off the running of G. In the case at hand, this mechanism is the 
finite distance between the test particle and the black hole; it led to the ansatz k = £/d(r). 
In general the information about the actual physical cutoff mechanism enters at two points: 

a) The function TZk should be chosen so as to model the actual physics as correctly as 
possible. 
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b) Both the physical cutoff mechanism and the choice for TZ/~ determine the relation 
between k and other variables, adapted to the concrete problem, which can parametrize 
the running of G (r, in our case). 

This means that, within our approximation, the ^-dependence of the correct identification 
k = k(r) should precisely compensate for the ^-dependence of G(k). We have seen that 
this is indeed what happens: u and £ appear only in the combination to = u^ 2 . The TZ^- 
dependencies of u and £ 2 cancel in this product, and its unambiguous numerical value can 
be read off from the known asymptotic form of V[ mp (r). 



IV. IMPROVING THE ETERNAL BLACK HOLE SPACETIME 



A. The improved metric 

We consider spherically symmetric, Lorentzian metrics of the form 

ds 2 = -f{r) dt 2 + f{r)- 1 dr 2 + rW (4.1) 

where dQ 2 = d6 2 + sin 2 ^^ 2 is the line element on the unit two-sphere and f(r) is an 
arbitrary "lapse function" . The most important example of a metric belonging to this class 
is the Schwarzschild metric with 

f(r) = UUr) = 1 - ^ (4.2) 

r 

While the Schwarzschild spacetime is a solution of the vacuum Einstein equation R^ v = 0, 
we are not going to constrain /(r) by any field equation in the following. 

In classical general relativity the metric ( |4.1|) with ft4.2|) is interpreted as a property of 



a black hole (or the exterior of a star) per se, i.e. the metric is given a meaning even in 
absence of a test particle which probes it. Within our approach, we regard /class a manner 
of encoding the classical dynamics of a test particle in the vicinity of some "central body" of 
mass M. Because of the actual presence of the test particle, the system defines a physically 
relevant distance scale <i(r) which enters into the cutoff for the running of G. It is our main 
assumption that, also beyond the Newtonian limit, the leading quantum gravity effects in 
this system consist of a position dependent renormalization of the Newton constant in ( [4.2| ). 
More precisely, we assume that the quantum corrected geometry can be approximated by 
TTD with 

M -1-™®" (4.3) 
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where G(r) is given by ( |3.17|) : 

= 2G M r 2 

I[r) r 3 + ujG [r + 7G0M] 1 ' j 

Let us now analyse the properties of the renormalization group improved spacetime 
defined by Eq.( |4.4j ). First of all, for r^oowe have 

2G M ( G \ n ( 1 \ , , 

f(r) = 1 --fr-{ 1 -^)+°[^) ( 4 - 5 ) 

For large distances, i.e. at order 1/r, we recover the classical Schwarzschild spacetime. The 
leading quantum correction appears at order 1/r 3 ; since in the Newtonian approximation 
the potential is given by [f(r) — l]/2, this correction is equivalent to the improved potential 
( |3.2C| ) which was independently confirmed by Donoghue's result (|3.21|) . As we discussed 
in section III already, matching the two results unambiguously fixes the constant Co to be 



Co = Cj = 118/157T. Thus our improved lapse function (4.4) does not contain any free 
parameter. (Recall that the analysis of section III fixes 7 to be 7 = 9/2. However, to be as 
general as possible, we shall allow for an arbitrary 7 > in most of the calculations.) 



B. The horizons 

Next we determine the structure of the horizons of the improved spacetime. To this end 
we look for zeros of the function f(r), eq. ( |4.4j ), which is conveniently rewritten as 

f( r ) = — EM (4.6) 

V 7 B(x)+ 2x 2 x=r/G M V > 

with the polynomial B given by 

B(x) = B 7t a(x) =x 3 -2x 2 + fix + 7^ (4.7) 

where 

The parameter Q is a measure for the impact the quantum gravity effects have on the 
metric. Reinstating factors of h for a moment we have 00 cx h and Q oc h. The classical limit 
is recovered by setting Q = 0. We see immediately that very heavy black holes (M — > 00) 

— 1/2 

essentially behave classically. In fact, defining the Planck mass by mpi = G we have 
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which shows that an f2 of order unity requires M to be not much heavier than mp\. 

For x > the numerator and the denominator of the RHS of eg. ( |4.6| ) have no common 
zeros; hence r is a zero of f(r) if Xq = tq/GqM is a zero of B(x). In the classical case 
(Q = 0) we have -B 7i o(x) = x 2 (x — 2) with its only nontrivial zero xq = 2 corresponding to 
the familiar Schwarzschild horizon at tq = IG^M. 

In the quantum case (O > 0), B 1 ^{x) is a generic cubic polynomial which has either one 
or three simple zeros^ on the real axis. Since r = xGqM must be positive, only zeros on 
the positive real x-axis can correspond to a horizon. It is easy to see that for any value 
of Q and 7, B(x) always has precisely one zero on the negative real axis: first we observe 
that -B(O) = 7^2 > and B(—oo) = —00 < which implies that B(x) has at least one zero 
on the negative real axis. Furthermore, the derivative B'(x) = 3x 2 — Ax + Q is positive for 
x < 0, i.e. B is monotonically increasing for x < 0. As a consequence, B has precisely one 
zero on the negative real axis. Hence B has either two simple zeros or no zeros at all on 
the positive real axis whereby the two simple zeros might degenerate to form a single 
double zero. 

The three cases are distinguished by the value of the discriminant 

/ 27 \ 2 

D 7 (fi) = (3fi-4) 3 + (9fi + y 7^-8j (4.10) 

For X> 7 (fl) < there are two simple zeros on for T>JQ) = we have a double zero, and 
for P 7 (0) > there exists no zero on 3fJ + . The discriminant can be factorized as 

T> y (Q) = 27tt[n- n 1 ( 7 )] [n - ^(7)] (4.11) 

with 

1 / / 27 9 1 

^(7) = -(9 7 + 2) ^7 + 2 ^97 + 2 - - 7 2 - - 7 + ^ (4-12) 



The function ^1(7) is not important except that it is negative for all 7 > 0. As a consequence, 
the sign of T> 1 {VL) depends only on whether Q is smaller or larger than the critical value f2 cr : 
For Q < Q C i{l) the polynomial -B 7 ,r2 has two simple zeros x + and x_ on (x+ > x_ > 0), 
for Q > fi cr (7) it has no zero on 3? + , and for Q = fi cr (7) the two simple zeros merge into a 
single double zero at x + = x_ = x cr . This situation is illustrated in Fig.(p. 

By virtue of eq. (|4.8|) , the critical value for Q defines a critical value for the mass of the 
black hole: 



M cr ( 7 ) 



OJ 



1 1/2 



(4.13) 



•l-Here double and triple zeros are counted as two or three simple zeros, respectively. 
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0.0 0.5 1.0 1.5 2.0 2.5 

x 

FIG. 1. The function B^^{x) with 7 = 9/2 for different values of Q. The regime 
(Q > Sl cr ) corresponds to very heavy (light) black holes. 

For the preferred value 7 = 9/2 we have 

fi cr (9/2) = —[85^^ - 2819] « 0.20 (4.14) 
32 

while for 7 = ( "naive" cutoff k oc 1/r ) 

^cr(O) = 1 (4.15) 

In any case M cr is a number of order unity times m P1 . 

The zeros x± or x cr of B(x) are equivalent to zeros of f(r) located at 

r± = x±G M, r cr = x cr G M CI (4.16) 

They correspond to horizons of the quantum corrected black hole spacetime. For heavy 
black holes (M > M cr , Q < Q cr ) we have an outer horizon at r + and an inner horizon at 
r_. The function f(r) is positive, i.e. the vector field d/dt is timelike outside the outer 
(event) horizon (r > r + ) and inside the inner horizon (r < r_); in the region between the 
horizons (r_ < r < r + ) we have /(r) < so that ^ is spacelike. For M ^> M cr the outer 
horizon coincides essentially with the classical Schwarzschild horizon (r + ~ 2GoM) while r_ 
is very close zero. When we decrease M and approach M cr from above, the outer horizon 
shrinks and the inner horizon expands. Finally, for M = M cr , the two horizons coalesce at 
r + = r_ = r cr which corresponds to a double zero of /. For very light black holes with 
M < M CT the spacetime has no horizon at all. 
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FIG. 2. The lapse function /(r) for various mass values. The dashed line shows / c iass(?") of 
the classical Schwarzschild metric. 



down in closed form as a function of Vt and 7, but the formulas are not very illuminating. 
Instead, in Fig. ([3]), we represent them graphically. 

C. The critical (extremal) black hole and the Reissner-Nordstrom analogy 

Let us look in more detail at the "critical" black hole with M = M cr . We know that 
for Vt = Q C r(l) the polynomial B^q(x) has a double zero at some x CT = x cr (7) > 0. Upon 
inserting eq.( |4.12j ) into £> 7i n cr (a;) and factorizing the resulting expression with respect to x 
one finds the following explicit result: 



In Fig.(^) we plot f(r) for various masses M. The values of x + and X- could be written 




(4.17) 



In particular, 



x cr (0) 



1 




Using (|4.16| ) the critical radius reads 




(4.18) 
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: 0.3 
□ 

FIG. 3. The zeros x + and x_ for 7 = 9/2 as a function of VL. Lowering M from infinity to 
M cr , Q increases from zero to f2 cr , cc_ increases from zero to x cr , and x+ decreases from 2 towards 
x cr . The outer horizon shrinks and the inner horizon expands until they meet at r cr . 



with x cr and Q cr given by ( |4.17 ) and ( |4.12j ), respectively. 



Some of the qualitative features of the quantum black hole are remarkably similar to 
those of a Reissner- Nordstrom spacetime (black hole with charge e). Its lapse function reads 
(in appropriate units) 

2G M G e 2 

/RN(r) = 1 — + (4.19) 



In analogy with (|4.8|) we introduce the parameter 

The Reissner- Nordstrom spacetime has no horizon for Q-^n > 1, two horizons with 

X *N = r RN /G()M = 1 ± ^ 1 _ (4 21) 

if f2 RN < 1, and a single degenerate horizon at 

r c R r N = G M (4.22) 

if Qrn equals its critical value Qrn = 1- We observe that, in a sense, the renormalization 
group improved Schwarzschild spacetime is similar to a Reissner-Nordstrom black hole whose 
charge is given by e = u) 1 / 2 . In particular, the "critical" quantum black hole with M = M CT 
corresponds to the extremal charged black hole (Qrn — !)■ 
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Let us look more closely at the near-horizon geometry of the critical quantum black hole. 
If we expand about r = r CT and introduce the new coordinate f = r — r cr we have at leading 
order 



dt 2 + 



G M J 



AdS 



,G ^AdS 

where the mass parameter MAds is defined by 

_o 1 



df 2 + r 2 cr dn 2 



(G M J 



AdS) 



f"(r CT (j)) 



a=n cr (7) 



(4.23) 



(4.24) 



The metric Q4.23Q is the Robinson-Bertotti metric for the product of a two-dimensional 
anti-de Sitter space AdS 2 with a two-sphere, AdS 2 x S 2 . The parameter il^ds determines 



the curvature of AdS 2 . Using ( |L4|) , ( |4.12|) and (|4. 1 7|) it is obtained in the form 



M AdS (7) = p/Kl) M cr (4.25) 

where 6(7) is a complicated function which we shall not write down here. In particular, 

&( 7 = 0) =1 (4.26) 

6(7 = 9/2) = 1.123- ■■ (4.27) 

If we put MAds — M and r cr = GqM the metric (^4.23|) describes also the near-horizon 
geometry of an extremal Reissner-Nordstrom black hole of mass M. However, in our case 
the relative magnitude of the AdS 2 - and the S 2 - curvature is different. For 7 = 0, say, 
the S^-curvature is given by the radius r cr = GqM ct as above, but the AdS'2-curvature is 
determined by MAds = V^M CI . 



D. Large mass expansion of r± 

It is instructive to look at the location of the horizons in the limit of very heavy black 
holes. Since oc 1/M 2 , the larg e-mass expansion in 1/M corresponds to an expansion in 
powers of VL 1 ^ 2 . Let us start by looking at the leading quantum correction of the outer 
horizon. Classically we have r + = 2GqM or x + = 2. By inserting an ansatz of the form 
x + = 2 + c\Vt + c 2 Q 2 + • • • into B(x + ) = and combining equal powers of Q we can easily 
determine the coefficients Cj. In leading order one finds x + = 2 — |(2 + 7 )f2 + 0(Q 2 ) and 

r+ = 2GoM -^ + 0(^) (4,8, 

We see that the quantum corrected r + is indeed smaller than its classical value. The leading 
correction is proportional to 1/M and it is independent of the value of Newton's constant. 
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The prefactor of the 1/M-term is uniquely determined: the arguments of section III yield 
7 = 9/2 and to is fixed by the matching condition ( |3.22| ). We believe that (|4.28|) is a 
particularly accurate prediction of our approach. 

Let us now look at r_ for M — > oo. Classically, for Q = 0, we have B(x) = x 2 (x — 2). 
When we switch on Q, the double zero at x = develops into 2 simple zeros, one on the 
negative and the other on the positive real axis. The latter is the (approximate) x_we are 
looking for. As long as fi < 1 we have i_ C 1 and therefore we may neglect the cubic term 
in B(x-) = relative to the quadratic one. The resulting equation is easily solved: 

x_ = J Vn [Vn + ^87 + Q] (4.29) 

The asymptotics of this result depends on whether 7 > or 7 = 0. For 7 > we have 



I - = 5^ + °™ = V^s + °^ (430) 

Obviously x_ vanishes for M — > 00 but because of its 1/M behavior the actual radius 
r_ = X-GqM approaches a universal, nonzero limit: 



r_ = - v /2 7 ^G + O(-) (4.31) 

Thus the inner horizon does not disappear even for infinitely massive black holes. The 
situation would be different for 7 = 0. There x^ = \Vt + 0(f2 3//2 ) and 

r --m +0 ^ h = 0) (432) 

which vanishes for M — > 00. 



E. The de Sitter core 



We expect the improved f(r) to be reliable as long as r is not too close to r = 
where the renormalization effects become strong and the quantum corrected geometry differs 
significantly from the classical one. Therefore eqs. ( ]4.31] ) and fl4.32p should be taken with 
a grain of salt, of course. However, if one takes eq. fl4.4|) at face value even for r — > 0, the 
horizons ( |4.31|) , ([4.32 ) acquire a very intriguing interpretation. 

Expanding f(r) about r = one finds for 7 > 



f(r) = 1 - 2{ 1 CjG )- 1 r 2 + 0(r 3 ) 



(4.33) 



Recalling that Q4.1p with /ds(^) = 1 — Ar 2 /3 is the metric of de Sitter space we see that, at 
very small distances, the quantum corrected Schwarzschild spacetime looks like a de Sitter 
space with an effective cosmological constant 
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A cfr = 6 (jCoGo)- 1 (4.34) 

(For 7 = 9/2, A e g- « 0.06 m^.) This result is quite remarkable since there exist long- 
standing speculations in the literature about a possible de Sitter core of realistic black holes 



17J . Those speculations were based upon purely phenomenological considerations and no 



derivation from first principles has been given so far.| Instead, if the renormalization group 
improved metric is reliable also at very short distances, the de Sitter core and in particular 
the regularity of the metric at r = is an automatic consequence. The validity of the 
improved f(r) for r — > will be discussed in detail in section VIII. 

The de Sitter metric ( |4.33j ) has a "cosmological" horizon at r dS = Jz[K^. This value 



coincides precisely with the approximate r_ of eq.( 4.31 ). The asymptotic de Sitter form 



( |4.33j ) is obtained only if 7 > 0. For 7 = the expansion starts with a term linear in r: 

f(r) = 1 - — r + 0(r 2 ) (7 = 0) (4.35) 

This spacetime is not regular at r = 0, there remains a curvature singularity at the origin. 
We shall come back to this point in section VIII. 



F. The special case 7 = 

While close to r = (where the use of our improved /(r) is anyhow questionable) the 
physics implied by the quantum corrected metric strongly depends on the parameter 7, the 
essential features of the spacetime related to larger distances are fairly insensitive to the 
value of 7. In particular, it is easy to see that the general pattern of horizons (two, one, or 
no horizon, their M-dependence, etc.) is qualitatively the same for all values of 7. Even 
7 = gives the same general picture as the preferred value 7 = 9/2. Therefore some of 
the calculations in the following sections will be performed for 7 = which simplifies the 
algebra and leads to much more transparent results. For 7 = we have, for instance, 



x± = r±/G M = 1 ± y/l-Q, (4.36) 
Q CT = 1, x cr = 1 (4.37) 



M cr = JCu/Go (4.38) 



CjGq (4.39) 



^However, two-dimensional dilaton gravity has been shown [19] to contain nonsingular quantum 
black holes asymptotic to de Sitter space. 
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It is amusing to see that the explicit formula for the location of the horizons, eq. Q4.36Q , 
coincides exactly with the corresponding expression for the Reissner-Nordstrom black hole, 
eq.( [4.21| ). Note also that because of ( |4.38| ) the parameter Q can be interpreted as the ratio 

O = % (7 = 0) (4.40) 



G. Geodesies and causal structure 

The global structure of our black hole spacetime is quite similar to the one of the Reis- 
sner-Nordstrom charged black hole. In particular, the r = hypersurface is timelike now. 
The Penrose diagram of the spacetime is shown in Fig.([|) for M > M cr . It is clear from the 
location of the horizons that we can distinguish the following main regions: 

I and V : r + < r < oo 

II and IV: r_ < r < r + 

III and III': < r < r_ 

The features of the motion in such a spacetime are particularly evident if we consider a 
test particle which moves radially on a timelike geodesic. The equations of motion are given 
by 

* ±(?-f(r)Y> 2 (4.41) 



dr 

% = fir)- 1 {£ ± (£ 2 ~ f(r)) 1/2 ) (4.42) 

where we have used Eddington-Finkelstein coordinates with v being the advanced time 
coordinate. Furthermore S denotes the constant of motion associated with the timelike 
Killing vector field £ M = 8%, 

£ = (4-43) 



where is the four- velocity of a static observer. The choice of the sign in eq.( |4.41| ) and 



( |4.42| ) depends upon whether the test particle is travelling on a path of decreasing (— ) or 



increasing (+) radius r. From eq.( [4.41[ ) we deduce that the proper acceleration is 



fr _ldf(r) MG r (r 3 - uG r - 2CoG 2 ol M) 

dr 2 2 dr (r 3 + CjGq [r + 7G0M]) 2 [ ' ' 

where from one sees that the radial motion is ruled by a Newton-type equation of motion 
with respect to the proper time r. It contains the potential function $(r) = \f{r) with 
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FIG. 4. Penrose conformal diagram of the quantum black hole spacetime 



the properties $(0) = $(oo) — \ = $ ma x and $ min < 0. If we identify the "energy" of the 
motion with £ = £ 2 /2 we have from ( |4.41| ) 

- r 2 + $(r) = £ (4.45) 
2 



It is thus possible to discuss the radial motion by the help of simple mechanical arguments 
referring to Fig. (j^) . In particular we use ([4.45 ) in order to determine the inflection points, 



i.e. zero-velocity configurations where $(r) = £, and where the sign in ( [4.41 ) and ([4.42 
has to be changed. 

There are basically three types of motions depending on the value of £: 

(i) £ > $ max - The motion is unbounded. A free falling test particle that starts its motion 
in region I, crosses the event horizon (EH in Fig.([|)) and eventually reaches r = in 
region III in a finite amount of proper time, with non-zero velocity and finite proper 
acceleration. It would thus cross the inner horizon (CH in Fig.(|4])) and continue its 
journey in regions IV and V. This is for instance the path a) in Fig.(|J). It should be 
noted that this behavior is unlike the Reissner-Nordstrom one. In that case $(0) = oo 
and there is always an inflection point in region III. The particle is thus bounced away 



26 



from the Reissner-Nordstrom central singularity at some non-zero value of the radius, 
before continuing its motion in region IV. 



[ii) £ G [0, $max]- The motion is bounded. Starting in region I it evolves into regions II 
and III and it eventually continues in region IV and V. Let us first consider the case 
£ < ^Vax- Then there is an inflection point in region III and r = is avoided. A 
further inflection point is present in region V where the trajectory reaches the same 
initial conditions as in region I. The situation is shown in Fig.(|3]) with the path b). 
If £ = $ max the inflection point is at r = 0. If 7 7^ this is also an equilibrium 



point since, as it follows from ([4.45 ), the proper acceleration is zero, $'(0) = 0. The 
particle reaches the center in an infinite amount of proper time. If 7 = the proper 
acceleration at r = is not zero, $'(0) = —uj/M, and r = is not an equilibrium 
configuration. Close to the origin the particle feels a repulsive force of strength uj/M. 

(Hi) £ G [$ m m, 0]. The motion is bounded. It starts in region II where it has two inflection 
points and it continues indefinitely in this region. 

It would be possible to study along similar lines spacelike and null geodesies as well as the 
M < M CT cases, but we shall not present this analysis here. 



V. EFFECTIVE MATTER INTERPRETATION AND ENERGY CONDITIONS 

Let us suppose that our quantum black hole has been generated by an "effective" matter 
fluid that simulates the effect of the quantum fluctuations of the metric. We assume that this 
coupled gravity- matter system satisfies the conventional Einstein equations G^ u = SttGqT^ v . 
The stress-energy tensor of a (not necessarily classical) perfect fluid with the symmetries of 
our spacetime reads 

T a /3 = diag(-p,P r .,P ± ,P ± ) (5.1) 

It is thus possible to use the Einstein equations in order to define the components of T a p in 
the following way 

-87rG p = G\ = G r r (5.2) 
87rG P± = G e g (5.3) 

Here G^ v is the Einstein tensor of the metric (|4.1|) with (|4.4|) . A straightforward calculation 
shows that 
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1 MGpCo (2r + 3 7 G M) 
P r 4vr (r 3 + cDG [r + 7 G M]) 2 1 ' ' 

±_ 4^ (r 3 + wG [r + 7 G M]) 3 (-) 

The total energy outside a given radius r, 

p(r') r' 2 dr' (5.6) 

is given by 

_ OGpM (r + 7 G M) 

1 j "r3 + ^o[r + 7 G M] {bJ) 

This quantity is finite and positive definite for any value of 7 . In particular we find the 
surprisingly simple result 

E tot = E(0) = M (5.8) 

which identifies the total energy of the fluid with the mass of the black hole. 

It is not difficult to realize that this "magic" equality is a consequence of the boundary 
conditions set at spatial infinity, / = 1 — 2GqM/t + 0(l/r 2 ), and of the behavior of / at 
r = 0. For every metric of the form (P]), with an arbitrary function f(r), the definitions 



72[) and (|5.6|) lead to the expression 



E(r) = ~ Jim f ds[(sf(s)y - 1] = M + -^-(/(r) - 1) (5.9) 

Obviously E(0) equals M if rf(r) — > when r — > 0, and this is always satisfied in our 
model, for any value of 7 . Note that in ordinary Schwarzschild spacetimes with ADM-mass 
M, since r — rf(r) = 2GqM, it follows that E tot = 0. In our picture the quantum effects can 
be interpreted as a non-zero p and P±. It is thus remarkable that their global contribution 
is exactly equal to the total mass of the spacetime. 

For M < M cr we have seen from the discussion of section III that no horizon is present 
and that, contrary to what happens in classical Reissner- Nordstrom spacetimes for Qrn > 1, 
no naked singularity occurs (for 7 > 0). The spacetime, in this case, resembles a soliton-like 
particle with a planckian rest mass given by ( |5.8| ). The energy of the fluid is then localized 
in a cloud around r = with d r E(r) < always, and E(oo) = 0. 

It is possible to show that our "effective" fluid does not meet all the requirements in 
order to be considered a classical fluid. In fact, it violates the dominant energy condition in 
some regions, depending on the values of 7 . In particular, the condition P± — p < is not 
always satisfied since it amounts to 
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r 4 + 3r^G M - 3r 2 uG - SrujG^M < (5.10) 

which does not hold for some interval of values of the radial coordinate. For instance, for 
7 = the left hand side of ( p,10| ) is positive when r < ^3ujG . 

In the improved black hole spacetimes there are also "zero gravity" hypersurfaces, where 
the Weyl and Ricci curvature are zero, in analogy to what has been found in [0 in a 
phenomenological model with a de Sitter core. In fact the "Coulombian" component of the 
Weyl tensor can be shown to be 

1 MG r (3r 5 - r 3 uG - Qr 2 Cu-yG 2 M - Co 2 -fG 3 M) 
2 ~~3 (r3 + £G [r + 7 G' M])3 ( ' } 

It should be noted that the Weyl curvature is regular at r = where it is always zero. 
Similarly, the Ricci scalar reads 

4u G M (r 4 + 3r 3 7(?oAf - 3r 2 uG - 8rCo-fG 2 M - Qu^G^M 3 ) 

(r3 + ^Go[r + 7G M])3 (5 ' } 

In general the location of zero-curvature hypersurfaces depends on the value of 7 and of the 
black hole mass. In the case of 7 = one sees from the above expressions that at the radii 
r = ^JuGq/3 and r = ^3uGo one or the other of the two main scalar curvature invariants 
of our spacetime is zero. In particular, for M < M cr and 7 = the radius 



3u G (5.13) 

can be thought of as the characteristic length of the particle-like soliton structure arising 
from the renormalization group improvement of the spacetime of a nearly planckian black 
hole. 



VI. HAWKING TEMPERATURE AND BLACK HOLE EVAPORATION 

A. The Euclidean manifold 

Let us consider Lorentzian black hole metrics of the type ( |4.1| ) with an essentially arbi- 
trary function f(r). For the time being we only assume that / has a simple zero at some 
r + , (/(r+) = 0, f'(r + ) 7^ 0) and that it increases monotonically from zero to f(oo) = 1 for 
r > r+. The behavior of f(r) for r < r + will not matter in the following. There exists a 
standard method for associating a Euclidean black hole spacetime to metrics of this type 
21 1 . The first step is to perform a 'Wick rotation" by setting t = —it and taking r real: 



ds% = f(r) dr 2 + /(r)- 1 dr 2 + r 2 dtt 2 (6.1) 
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This line element defines a Euclidean metric on the manifold coordinatized by (r, r, 9, (ft) 
with r > r + where ds\ is positive definite. In order to investigate the properties of this 
manifold we trade r for a new coordinate p defined by 



with the constant 



P = T r 0mjf(r) (6.2) 



4:71 

/?BH = fK) (6,3) 



The new coordinate ranges from p = to p = /3bh/27t corresponding to r = r + and r — > oo, 
respectively. Thus the line element becomes 



\Pbh / 



/'fa 



/'(Kp)) 



2 



dp 2 + r(p) 2 ^ 2 (6.4) 



where r is a function of p now. Close to the horizon (r = r + or p = 0) this metric simplifies 
considerably: 

ds 2 E ss p 2 df 2 + rfp 2 + r 2 rffi 2 (6.5) 

In writing down (|6.5| ) we introduced the rescaled Euclidean time 

2tt 



r (6.6) 



/3bh 

Leaving aside the ri<if2 2 -term for a moment, we see that (6.5) looks like the metric of a 



2-dimensional Euclidean plane written in polar coordinates f and p. For this to be actually 
true, f must be considered an angular variable with period 2tt. If f is periodic with a 
period different from 2tt, the space has a conical singularity at p = 0. In order to avoid this 
singularity we require the unrescaled time r to be an angle-like variable with period /?bh, 
r G [0, /3bh]- With this periodic identification, eq.( p.4|) defines a Euclidean metric on what 
is referred to as the Euclidean black hole manifold. It has the topology of R 2 x S 2 . 

If we put quantized matter fields on the Euclidean black hole spacetime their Green's 
functions inherit the periodicity in the time direction. Thus they appear to be thermal 
Green's functions with the temperature given by 

Tbh = /3bh = ^f'(r+) (6.7) 

This is the Bekenstein-Hawking temperature for the general class of black holes with metrics 
of the type flO] ). 
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B. Temperature and specific heat 



Eq. (|6.7|) is an essentially "kinematic" statement and its derivation does not assume any 
specific form of the field equations for the metric. Hence we may apply it to the renormaliza- 
tion group improved Schwarzschild metric and investigate how the quantum gravity effects 
modify the Hawking temperature. By differentiating eq. (|4.4j) we find 



Tbh(M) 



1 



87rG n M 



ft 



2 7 ft 



x 



(6.8) 



where x + and ft are considered functions of M. When we switch off quantum gravity (Co = 0) 
or look at very heavy black holes (M — > oo) we have ft = and recover the classical result 

1 



T^ SS (M) 



87rG n M 



(6.9) 



(In the present context, the term "classical" refers to the usual "semi classical" treatment 
with quantized matter fields on a classical geometry.) Obviously the quantum corrected 
Hawking temperature is always smaller than the classical one: Tbh < ^bh ss - 

In order to be more explicit we continue our investigation for the special value 7 = 0. 
Using ( |4.36| ) and ( ^4.38| ) we obtain 



T BH (M> 



vT^ft 



ft 



AuGqM 1 + y/T 

1 JQ(1 - ft) 



(6.10) 



(6.11) 



4vrG M cr l + v/T^ft 

with ft = M^ T /M 2 . Eq.( |6.11| ) is quite similar, though not identical to the corresponding 
expression for the temperature of the Reissner-Nordstrom black hole: 



RN 
BH 



vT^ft 



RN 



2nG M (1 + VI - ft RN ) 
The large mass expansion of Tbh reads 



(6.12) 



Tbh(M) 



1 



8nG M 



1 (M c 
1 - - ' 



4 V M 



1 /M„ 



8 V M 



+ 0{M- 



(6.13) 



with M^ r = uj/Gq. Probably the first few terms of this series are a rather precise prediction 
of our method because they correspond to a spacetime which is only very weakly distorted 
by quantum effects. 

Let us look at what happens when M approaches M cr from above. We set 



ft = ft r 



1 - e 



(6.14) 
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FIG. 5. The Hawking temperature of the quantum black hole (multiplied by 4:TtGqM ct ) as a 
function of M/M cr . The maximum temperature is reached for M cr ~ 1.27M cr . 



and study the limit e — > + . Note that because Q = M 2 r /M 2 for 7 = 0, 

Ml 



M 



(6.15) 



Expanding ( |6.11| ) yields 

Tbh(M) = 

or, to lowest order, 

Tbh(M) 



4nG M CT 



M 2 - M CI + 0(M 2 - M CT ) 



(6.16) 



(6.17) 



We see that Tbh vanishes as M approaches its critical value M cr . This conclusion is true for 
any value of 7. In fact, as M \ M cr the simple zero of / at r + tends to become a double 
zero, i.e. f'(r+) — > 0, and therefore Tbh — ► by eq. (|6.7|). We emphasize, however, that the 
statement 



T BH (M cr ) = 



(6.18) 



should always be understood in the sense of a limit M \ M cr because strictly speaking 
the above derivation of the Hawking temperature does not apply for the critical (extremal) 
black hole with M exactly equal to M cr . 
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In Fig. @ the Hawking temperature is plotted for the full range of mass values. For large 
values of M we recover the classical 1/M-decay, and for M > M cr the temperature increases 
with M. The Hawking temperature reaches its maximum for a certain mass M cr > M cr 
which plays the role of another "critical" temperature (see below). By definition, 

^(M„)=0 (6.19) 

The Q- value related to M cr will be denoted f2 cr ; for 7 = it reads 

Differentiating leads to fi cr = (V5 - l)/2 « 0.62 which yields M cr = M^Vt^ 1 / 2 « 

1.27M cr . The maximum at M cr is surprisingly close to M cr so that the drop from the peak 
value of Tbh down to zero is rather steep. 
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FIG. 6. The specific heat Cbh in units of 47ra) as a function of M/M cr . The singularity occurs 
at M cr /M CT & 1.27. 

Even though we do not have a full statistical mechanical formalism with a partition 
function and a free energy functional at our disposal, eq.( |5.8|) suggests to identify the internal 
energy U of the black hole with its total mass M. Then the standard thermodynamical 
relation Cy = (dU/dT)y amounts to the following definition for the specific heat capacity 
of the black hole: 

0m= ^. = (^)' 1 (6.21) 



BH 
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From eq. (|6.11 ) we obtain 

Cbh = — 47ra; 



(1 - fl) [1 + VT^Ti} 2 
Q[Q 2 + (1 - 2fi)(l + VT^W] 



(6.22) 



The specific heat Cbh is negative for M > M CT and becomes positive for M cr < M < M cr . 
It has a singularity at M — M cr which signals a kind of phase transition at this value of the 
mass. In Fig.@, Cbh is shown as a function of M. For very heavy black holes one has 

2 19/M c: ^ 4 



Cbh = -8nG M' 



3 /Mcr 

4 V M 



16 V M 



+ 0(M~ 



(6.23) 



In the limit M — > oo we recover the classical value C B y ss = — 87rCoM 2 , and we observe 
that the leading quantum corrections make the already negative specific heat even more 
negative!**]. In the limit M \ M cr the specific heat vanishes according to 



Cbh = 4tt^ \l + 2y/e + 4e + 0(e 3/2 ) 



/ M 2 



+ 



(6.24) 



C. Stopping the evaporation process 

From our result for the mass dependence of the Bekenstein-Hawking temperature the 
following scenario for the black hole evaporation with the leading quantum correction in- 
cluded emerges. As long as the black hole is very heavy the classical relation Tbh oc 1/M 
is approximately valid. The black hole radiates off energy, thereby lowers its mass and in- 
creases its temperature. This tendency is counteracted by the quantum effects. The actual 
temperature stays always below Xbh ss . Once the mass is as small as M cr , the temperature 
reaches its maximum value Tbh(M ct ). For even smaller masses it drops very rapidly and it 
vanishes once M has reached its critical mass M cr , which is of the order of m-p\. 

In the classical picture based upon Tgy ss oc 1/M the black hole becomes continuously 
hotter during the evaporation process. In the above scenario, on the other hand, its tem- 
perature never exceeds Tbk(M ct ), and the evaporation process comes to a complete halt 
when the mass has reached M cr . This suggests that the critical (or extremal) black hole 
with M = M CT could be the final state of the evaporation of a Schwarzschild black hole. If 
stable, the critical black hole would indeed constitute a Planck-size remnant of burnt-out 
macroscopic black holes. It is "cold" in the sense that liniM\M cr Tbk(M) = 0, so that it is 
stable at least against the classical Hawking radiation mechanism as we know it. 



** This is the same tendency as in the Weyl-gravity model of ref. |2(|, for instance. 
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It is interesting to see how long it takes a black hole with the initial mass M\ to reduce 
its mass to some final value Mf via Hawking radiation. Stefan's law provides us with a 
rough estimate of the radiation power. The mass-loss per unit proper time of an infinitely 
far away, static observer is approximately given by 

_^ = (T ^(M)T B h(M) 4 (6.25) 
at 

Here a is a constant and A = 47rr+ is the area of the outer horizon: 

1 



A(M) = 8irG 2 M 2 [1 - -n + Vl^Ti] (6.26) 

In the classical case the above differential equation becomes —dM/dt oc M~ 2 . It is easily 
integrated with the result that only a finite amount of time t{M\ — > 0) oc Mf is needed in 
order to completely radiate away the initial mass. The problems such as the information 
paradox mentioned in the introduction are particularly severe because the catastrophic end 
point of the evolution (Tbh — * oo) is reached within a finite time. 

Looking at the quantum black hole now, we assume that the initial mass Mj is already 
close to M cr so that we may use the approximation (|6.17|) on the RHS of eq. fl6.25Q : 



-^ = ^%(M 2 -M c 2 r) + ... (6.27) 

dt [47TUJ) 6 

Obviously the radiation power decreases quickly as M \ M cr . Integrating ( |6.27[ ) yields for 
the time to go from M; to Mf. 

m - M,) = ItaW - (6.28) 

We see that this time diverges for Mf = M cr , i.e. it takes an infinitely long time to reduce 
the mass from any given Mi down to the critical mass. Clearly the reason is that, because 
of the T 4 -behavior, the radiation power becomes very small when we approach the "cold" 
critical black hole. In a certain sense, this result is a reflection of the third law of black hole 
thermodynamics which states that it is impossible to achieve an exactly vanishing surface 
gravity, i.e. T = 0, by any physical process. 

The back reaction of the Hawking radiation on the metric is neglected in the above 
arguments. We believe that most probably (contrary to the case of the classical Hawking 
black hole) its inclusion would not lead to qualitative changes of the picture. The reason 
is that dMj dt is very small in both the early and the late stage of the evaporation process, 
and that in between its value is bounded above. 
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VII. ENTROPY OF THE QUANTUM BLACK HOLE 

One of the most intriguing aspects of black hole thermodynamics is the entropy associated 
with the horizon of a black hole. It is one of the central but as to yet unresolved questions 
if and how this entropy can be interpreted within a "microscopic" statistical mechanics by 



counting the number of micro states which are unaccessible to our observation |23[ . Another 
important question is how the classical relation between the entropy and the surface area of 
the horizon 

C _ -^class (7 1\ 

^class-^ (7.1) 

changes if quantum (gravity) effects are taken into account. 

Our approach of renormalization group improving the Schwarzschild spacetime makes 
a definite prediction for the quantum correction of the entropy. The key ingredient is the 
function Tbh = Tbh(M) which we obtained in section VI. From general thermodynamics we 
know that the entropy S = S(U, V, ■ ■ •) satisfies (dS/dU)v = 1/T. In the present context 
we identify the energy U with the mass M, and since the volume dependence plays no role 
S = S(M) satisfies dS/dM = 1/T B h(M). Upon integration we have 

r M dM' 

S(M) - S(M cr ) = / — — — (7.2) 
Jm ci Tbh(M') 
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where the reference point was chosen to be the critical mass. For simplicity we continue the 
analysis for 7 = 0; inserting the corresponding Hawking temperature fl6.11| ) into ( [7.2| ) we 
obtain 



S{M) - S{M C 
The integral yields for M > M cr 



2hCj 



dVL 

Mg/M 2 ft 2 



1 + 



^T^ft 



S(M) - S(M a 



2-KLU 



fi~Vl - ft (1 + Vl - ft) + artanhVl - ft 



(7.3) 



(7.4) 



with ft = M 2 r /M 2 on the RHS of ( |7.4| ). Eq.([7.4|) is our prediction for the quantum corrected 
entropy of the black hole geometry. Its large-M expansion reads 



S{M) - S{M C _ 



A. 



class 



4G r 



+ 27TU 



In 



2M 



3 
2 



3 (M r , 



8 V M 



5 (M a 



32 V M 



+ 0(M~ 



(7.5) 



with the classical area ^4 c i aS s = 47r(2GoM) 2 . For very heavy black holes we recover the 
classical entropy Sdass as the difference of S(M) and the integration constant S(M cr ) whose 
value remains undetermined here. The leading quantum correction is proportional to ln(M). 
Remarkably, very similar ln(M)-terms had been found with rather different methods |24f . 
While some of the earlier results were plagued by the presence of numerically undefined cut- 
offs, eq. ( |7.4| ) is perfectly finite. When M approaches M cr from above, the entropy difference 
displays a square-root behavior: 



S{M) - S(M C 



A-ku v^[l + -v^+0(e)] 



(7.6) 



In Fig.(0) the entropy is shown as function of M. 

The above calculation of S(M) was within the framework of "phenomeno logical" ther- 
modynamics. For an attempt at interpreting it within an underlying statistical mechanics 
we refer to the Appendix. 



VIII. IS THERE A CURVATURE SINGULARITY AT r = ? 

We saw already that for r — > the renormalization group improved black hole metric 
approaches that of de Sitter space. The quantum black hole seems to have a "de Sitter 
core" of a similar type as the regular black holes which were introduced in ref. 



on a 



phenomenological basis. This means in particular that the quantum corrected spacetime is 
completely regular, i.e. contrary to the ordinary Schwarzschild black hole it is free from any 
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curvature singularity. However, because the classical and the quantum geometries are very 
different for r — > and the quantum effects play a dominant role there, it seems problem- 
atic to describe a possibly regular core as an "improvement" of the singular Schwarzschild 
spacetime. Therefore some comments concerning the applicability of our approximation at 
very small distances are appropriate. 

The regularity of the improved metric comes about because the 1/r-behavior of /class 
I — 2GqM/t is tamed by a very fast vanishing of the Newton constant at small distances. 
Close to the core of the black hole we are in the regime where the running of G(k) is governed 
by the UV-fixed point, G(k) ~ 1/uk 2 , so that the position-dependent Newton constant is 
approximately given by 

G{r) « uT 1 d{rf (8.1) 

It is important to keep in mind that the distance function d(r) depends on the classical 
metric which we are going to improve. In section III we started from the Schwarzschild 
background and found that for all sensible curves C, 

dsch(r) cc r 3 / 2 (8.2) 

so that 

G Sch (r)<xr 3 (8.3) 



Taking ( |8.3| ) literally means that the improved / = 1 — 2G(r)M/r is of the de Sitter form 
1 — (const) r 2 for r — > 0. 

However, if the actual quantum geometry really was de Sitter, there is no point in 
evaluating d(r) for the Schwarzschild background. In fact, if we calculate d(r) for the de 
Sitter metric the asymptotic behavior is different: 

dds(0«r (8.4) 



Incidentally, this is precisely the <i-function which obtains by setting 7 = in eq. ( |3.13| ). 
Eq.( |8.4|) entails that the Newton constant vanishes more slowly than in ( |8.3| ): 

GdsWcxr 2 (8.5) 

Inserting ( |3.5| ) into / c i aS s we obtain a lapse function which approaches f — 1 only linearly, 

f(r) = 1 — c r + 0(r 2 ) (8.6) 

(Here c is a constant.) 
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The metric with an /-function of the general form 

f(r) = l-cr v (8.7) 
where c and v are constant has the exact curvature invariants 

R = c(v + l)(v + 2) r v - 2 (8.8) 
R^upaR^ = c 2 (z/ 4 - 2z/ 3 + 5z/ 2 + 4) r 2v ~ 4 (8.9) 



-.2 



C, upa C^ = — (u - l) 2 {u - 2f r 2 "- 4 (8.10) 



c 

144 

This means that the "Gds _ i m proved" black hole of ( |8.6| ) has a curvature singularity at its 
center: 

R= - + -.. (8.11) 

r 

R^ pa R^ pa = 8^ + --- (8.12) 



Eq. fl3.10D shows that the square of the Weyl tensor is regular for this metric. Even if, 



contrary to the "Gsch-i m P r oved" spacetime, the "Gds-i m P r oved" geometry is singular at the 
origin, it is much less singular than it was classically. For the Schwarzschild metric one has 

(iWi?—) Sch = 48^ (8.13) 
with an additional factor of 1/r 4 compared to (8.12). 



Within the present framework, we have no criterion for deciding whether the improve- 
ment Go ~~ * G{r) should be done with dsct, ^ds> or the <i-function of some unknown metric 
interpolating between Schwarzschild and de Sitter. This is a principal limitation of our 
approach. It appears plausible that f(r) ~ 1 — cr u for r — > with the exponent v some- 
where in between the values resulting from G?sch-improvement [y = 2) and c?ds-i m P r ovement 
(y — 1). Except for v — 2, the quantum black hole would have a curvature singularity at 
its center then. A reliable calculation of the exponent v seems to be extremely difficult, 
though. Nevertheless it is probably a safe prediction that the central singularity is much 
weaker than its classical counterpart. The reason is that we found quantum gravity to be 
asymptotically free and that near the UV-fixed point G(k) oc 1/k 2 . In one way or another, 
this k dependence must translate into a "switching off" of the gravitational interaction at 
small distances. 

The improvement with dds is equivalent to setting 7 = in the formulas of the previous 
sections. While the cases 7 = and 7 > are qualitatively different for r — > 0, we saw 
already that the other features of the quantum black holes (horizons, Hawking radiation, 
entropy, etc.) are essentially the same in both cases. 
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IX. SUMMARY AND CONCLUSIONS 



In this paper we used the method of the renormalization group improvement in order 
to obtain a qualitative understanding of the quantum gravitational effects in spherically 
symmetric black hole spacetimes. 

As far as the structure of horizons is concerned, the quantum effects are small for very 
heavy black holes (M ^> mpi). They have an event horizon at a radius r + which is close 
to, but always smaller than the Schwarzschild radius 2GqM. Decreasing the mass of the 
black hole the event horizon shrinks. There is also an inner (Cauchy) horizon whose radius 
r_ increases as M decreases. For M — > oo it assumes its nonzero (if 7 7^ 0) minimal value. 
When M equals the critical mass M cr which is of the order of the Planck mass the two 
horizons coincide. The near- horizon geometry of this critical black hole is that of AdS2 x S 2 . 
For M < M cr the spacetime has no horizon at all. 

While the exact fate of the singularity at r = cannot be decided within our present 
approach, we argued that either it is not present at all or it is at least much weaker than its 
classical counterpart. In the first case the quantum spacetime has a smooth de Sitter core 
so that we are in accord with the cosmic censorship hypothesis even if M < M cr . 

The conformal structure of the quantum black hole is very similar to that of the clas- 
sical Reissner-Nordstrom spacetime. In particular its (r = 0)-hypersurface is timelike, in 
contradistinction to the Schwarzschild case where it is spacelike. In this respect the classical 
limit h — > is discontinuous, as is the limit e — > of the Reissner-Nordstrom black hole. 

The Hawking temperature of very heavy quantum black holes is given by the semiclassical 
1/M-law. As M decreases, Tbh reaches a maximum at M cr 1.27M cr and then drops to 
Tbu = at M = M cr . The specific heat capacity has a singularity at M cr . It is negative for 
M > M cr , but positive for M cr > M > M cr . We argued that the vanishing temperature of 
the critical black hole leads to a termination of the evaporation process once the black hole 
has reduced its mass to M — M CT . This supports the idea of a cold, Planck size remnant as 
the final state of the evaporation. For an infinitely far away static observer this final state 
is reached after an infinite time only. 

For M > M cr , the entropy of the quantum black hole is a well defined, monotonically 
increasing function of the mass. For heavy black holes we recover the classical expression 
A/AGq- The leading quantum corrections are proportional to ln(M/M cr ). 

In conclusion we believe that the idea of the renormalization group improvement which, 
in elementary particle physics, is well known already is a promising new tool in order to 
study the influence of quantized gravity on the structure of spacetime. In the present work 
we focused on black holes, but it is clear that this approach has many more potential 
applications such as the very early universe, for instance. 



40 



ACKNOWLEDGEMENTS 



One of us (M.R.) would like to thank the Department of Physics of Catania University for 
the cordial hospitality extended to him while this work was in progress. He also acknowledges 
a NATO traveling grant. A.B. would like to thank the Department of Physics of Mainz 
University for financial support and for the cordial hospitality extended to him when this 
work was in progress. We are also grateful to INFN, Sezione di Catania for financial support. 



APPENDIX A: THE STATISTICAL MECHANICAL ENTROPY 

Our previous computation of S(M) in section VII is within the framework of "phe- 
nomenological" thermodynamics. Ultimately one would like to derive this thermodynamics 
from the statistical mechanics based upon a fundamental Hamiltonian H which describes the 
microscopic degrees of freedom of both gravity and matter. The aim would be to compute 
a partition function like Z(/3) = Tr[exp(— /3H)] and then to derive the free energy F, the 
internal energy U, the entropy S and similar thermodynamic quantities from it (T = 

F — —T kiZ (A.l) 

U = T 2 -^— \nZ (A.2) 
dT v ; 

dF 

8— W (A.3) 

In the original work of Gibbons and Hawking [^] the partition function was taken to be 
the functional integral of the pure Euclidean quantum gravity, Z(/3) = j Vg^ exp(— /[<?]), 
where the integration is over all Euclidean metrics which are time periodic with period 
(3. (Here I[g] denotes the Einstein-Hilbert action with the Gibbons-Hawking surface term 
included.) The saddle point approximation of the integral yields, to leading order, 

Z{(5) « £ e~ J ^ (A.4) 

„class 

9o 

where the "sum" is over all saddle points g^ lass of I with period (3. Considering only saddle 
points of the Schwarzschild black hole type, the latter requirement means that only the hole 
of mass M = f3/87rGo is relevant. For this "Gibbons-Hawking instanton", /3bh equals the 
externally prescribed value of (3 ("on-shell" approach). By using its action / = AttGqM 2 in 
— In Z = (3F m I one can derive the entire classical black hole thermodynamics. 

It seems plausible to assume that the exact quantum gravity partition function in the 
Schwarzschild black hole sector is of the form 
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Z(J3) = e~ r[9o] (A.5) 

where T[g] is some effective action functional, and go is a stationary point of T with the 
same topology as go Uss '- 

-^o]=0 (A.6) 
T and go are the quantum corrected versions of / and gQ la,ss , respectively. We set 

r = / + r quant (A.7) 

so that r quant encapsulates the quantum effects. (The statistical mechanics based upon 
the one-loop approximation r quant = |ln det(5 2 J /Sg 2 ) has already been developed to some 
extent p4||.) The partition function ( |A.5| ) and the thermodynamics derived from it contain 



quantum corrections of two types: 

(%) The saddle point go, the metric of the "quantum black hole", differs from the classical 
instanton g§ lass . 

(ii) In order to obtain (5F, the metric go is inserted into V rather than I. 

Coming back to the renormalization group approach, it is natural to identify the saddle 
point go with the Euclidean version of the renormalization group improved Schwarzschild 
metric, eq.( |6.4j ) with ( |4.4j ), which is denoted g imv from now on. In this manner the quantum 
effects of (i) are approximately taken into account. However, g^ mp was obtained by a direct 
improvement of a classical solution rather than of the classical action. Thus, within the 
framework used in the present paper, we do not know the functional V for which g imp is 
an (approximate) saddle point and which would determine the partition function via ( |A.5| ). 
The best we can do in this situation is to tentatively neglect the quantum effects of (ii), i.e. 
to assume that r quant [^i mp ] is much less important than /[gi mp ] and to approximate (|A.5|) by 

Z(J3) « e - I[9i ^ ] (A.8) 

In the following we investigate if ( |A.8|) can give rise to an acceptable thermodynamics. 
We shall employ the "off-shell" formalism (conical singularity method) developed in ref. |25| 
to which we refer for further details. 



We evaluate the action / for a general Euclidean metric of the type ( |6.1|) or (|6.4j) where 
/(r) is arbitrary to a large extent. We only assume that it has a simple zero at some r+. Its 
asymptotic behavior is required to be 

/(r) = 1-^ + 0(1) (A.9) 



J2 



for some fixed constant M. Furthermore, we assume that the Euclidean time r in (|6.4D is an 
angle-like, periodic variable with period f3. Here f3 is the argument of the partition function. 
It has a prescribed value which in general does not coincide with /?bh = 47r//'(r + ). The 
corresponding Euclidean manifold is denoted Aip. 

If we introduce the 27r-periodic rescaled time variable 

. 2vr 



T 



T 



then, near the horizon, the metric (|6\ 



P 



P 



BH , 



P 

becomes 

2 

) df 2 + dp 2 + rldn 2 



(A.10) 



(A.ll) 



which coincides with (|6.5|) only for the "on-shell" value (3 = /?bh- For (3 ^ /3bh the space 
Ai/3 has a conical singularity at p — 0, the angular deficit being 5 = 2n(l — (3/Pbk)- As a 
consequence, the curvature scalar on M.p has a delta-function singularity at p = 0. 

The Einstein-Hilbert action / = J reg + J sing on M^j consists of a regular part and a 
singular part containing the contribution from the delta-function singularity. The regular 
part J rcg = Jy + Is has a volume and a surface contribution, 



16tt 
1 



^— / <i 4 x y/gR 



(A.12) 
(A. 13) 



87rG JdMp 

where 7 and are the metric and the extrinsic curvature on the boundary dM.p at infinity 
(r — > 00). (Kq is the corresponding value for a flat metric.) 

The volume contribution is evaluated most easily by returning to the original r- 
coordinate. Then, after performing the trivial angle and r-integrations, 



4GV 



/ dr r 2 R{r) 

Jr+ 



(A.14) 



where R is the curvature scalar for the metric ( |6.1| ). It reads 



R{r) = -- 



dr 2 



(r 2 f(r)) - 2 



(A.15) 



and therefore the integral ( [A.14Q feels the behavior of / only at the horizon and at infinity: 



P 



2Gc 



(A.16) 



The evaluation of (|A.13|) with ( |A.9|) proceeds as in the standard case p2 
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h = \(3M (A. 17) 

Adding ( |A.17|) to (|A.16 ) cancels precisely the last term of (|A.16 ) which originated from the 
upper limit of the integral ( |A.14|) . Using ( |6.3|) the sum contains only data related to the 
horizon, 

P A 



l reg 



P 



2G /3bh 4G 
where A = 47r 2 r^_ is its area. 

For the metric ( |A.11| ), the singular contribution 



(A.18) 



sing 



with -R S i n g oc 5(p) has already been evaluated in ref. p6| . The result is 



- 1- 



P 



0: 



BH 



A 

4G n 



Adding ( |A.20| ) to ( |A.18| ) we obtain the complete action evaluated on M.^. 

I = P r + A 



(A.19) 



(A.20) 



(A.21) 



2G 4G 

This is the result we wanted to derive. We emphasize that it is valid for black holes with 
an essentially arbitrary f(r) and, as a consequence, arbitrary ADM-mass M and Hawking 
temperature Tbh = Pbb- 

If we specialize for the renormalization group improved Schwarzschild black hole of a 
given mass M, the action becomes 

r+(M) A{M) 



i[g 



imp J 



P 



2G n 



(A.22) 



4G 

with r + (M) and A(M) given by ( |4.36[ ) and ( |6.26| ), respectively. 

If we tentatively insert the action ( |A.22[ ) into ( |A.8| ) and use ( |A.3[ ) to calculate the entropy 
from F ~ /3 _1 /[(7i m p] we obtain 



S 



A{M) 
4G n 



(A.23) 



Apart from the modified relation between A and M, this is precisely the classical entropy. It 
is clear from eq. ( |6.26| ) that ( [A. 23 ) differs from the correct result (7j3) already at the leading 
order of the large-M corrections. 

Thus we must conclude that the "statistical mechanics entropy" ( |A.23| ) fails to reproduce 
the quantum corrections contained in the "thermodynamical entropy" (|7.4|) . The lesson to 
be learnt from this failure is that, at least as far as the entropy is concerned, the quantum 
mechanical modification of the action from / to F is essential. Improving only the saddle 
point ((?o lass "~ * 9imp) but neglecting r quant is not sufficient in order to obtain a meaningful 
partition function. 
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